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ABSTRACT
In this review article, we introduce some basic knowledge closely related to
completely monotone functions.
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1. Absolutely Monotone Functions
Let’s first introduce the notion of absolutely monotone functions, which is closely
associated with that of completely monotone functions.
Bernstein [1] in 1914 first introduced
Definition A. A function f is said to be absolutely monotone on an interval I, if
f € C(I), has derivatives of all orderson 7° and forall » € N,
N2y =0, zel.

Here, C(I) is the set of all continuous functions on the interval 7, and [° is the
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interior of the interval 7.

We use AM(I) to denote the class of all absolutely monotone functions on the
interval 7.

For the interval [a, b) or [a, b], Bernstein [1] also gave an equivalent definition to
Definition A as follows:

Definition B. A function f is absolutely monotone on the interval [a, b)

if and only if

forall n € Ny and forall = and A such that

a<xz<z+nh<b.
If, in addition,

fb) = f(b-),

then f is called absolutely monotone on the interval [a, b].
Here, and throughout the paper, N is the set of all non-negative integers.
In 1935 Gruss introduced the following
Definition C. A function f is absolutely monotone on the interval [0, 1] if f is

continuous there and if forall n ¢ N

Akf(i)>0w k:0:11.'-:n'; /'i:O')l!.-"T?}_k’- (1)

n

Here

AFf(z) = AR Ly ( " 1) AFLf(),

and

AVf(x) = f(a).

Here, and throughout the paper, N is the set of all positive integers.
It is easy to modify this definition to apply to the interval [a. b).

Since
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k—1 k 1 k—1 1
AFLf(@) = AFf (o — =) + A1 (2 - =),
T n
we may replace the condition (1) with the following one

AFfF0) >0, k=0,1,---,n. )

For the interval [0, 1] (then [a, b]), Gruss’ definition C is equivalent to Bernstein’s
definition.

That Bernstein’s definition implies that of Gruss is obvious. For the converse part,
first we need the following well-known

Theorem D. Suppose that f € C[0, 1], then B, f convergesto f uniformly on [0,1].
Here 5, [ is the Bernstein Polynomial of f, i.e.

Bufle)i= 301 (£) (1)at o,

k=0

Secondly, from this result we can show

Theorem E. f € C0,1] satisfies the condition (2) if and only if f is the uniform
limit of a sequence of polynomials with nonnegative coefficients.

Then by use of Theorem E, we can prove that Gruss’ definition C does imply
Bernstein’s definition B.

For details of this part and the proof of the equivalence of Bernstein’s two definitions,

see [9, Chapter 1V].

Clearly, if
frg9.€ AM(I),
then
af +Bge AM(I) for «, 5 > 0,
And

fge AM(I)
by using of Leibniz’s rule.
From the definition, a convergent series of powers of (x — a) with nonnegative
coefficients represents an absolutely monotone function on [a,a + p), where p is the

radius of convergence of the power series.
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On the other hand, suppose that
f() = T2y an(e —a)". |z —a] < p.

If any coefficient of the series is negative, then f(x) can not be absolutely monotone
on any left or right neighborhood of = = «a. If any coefficient of the series is zero,
then f(x) can not be absolutely monotone on any left neighborhood of = = a unless
f(z) is a polynomial.
Indeed, if a; < 0, then

%) (a) < 0.
Hence

FE(z) <0
in some left and in some right neighborhood of a.
If a; =0, then

f(k) (a) = 0.
If f(x) is absolutely monotone on a left neighborhood of a, then f*)(z) =0 there
since f)(z) is increasing. And this means that f(z) is a polynomial.
We also notice
Theorem F. Any function which can be expressed as a series of powers of (x—a) must
be the difference of two functions which are absolutely monotone on a right
neighborhood of a.

This result follows from the observation

o0 o0

S e —a)" =Y Jaul (r —a)" =3 (Jau] — an)(@ —a)".

n=0 n=0 n=0
One of the important properties of absolutely monotone functions is that it is analytic
or holomorphic. More precisely we have

Theorem G. If f(x) is absolutely monotone on [a,?), then it can be extended
analytically into the region of the complex z - plane: |z — a| < b — a, where

zZ=1x+1y.
From this result, an absolutely monotone function on [a, oc) can be extended as an

entire function.
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Now suppose that f(x) is absolutely monotone on (a,b) and
fle)=0
for some ¢ € (a,b).
Since f(x) 1s nonnegative and increasing on (a, b), we see that
flz) =0
for all = € (a,c). This fact along with Theorem G leads to
Theorem H. Suppose that f € AM(I). If there exists u, € /° such that
flzo) =0,
then f(z)=0 on T.

2. Completely Monotone Sequences
Another concept which is related to completely monotone functions is the notion of a
completely monotone sequence.
Definition I ([9, Chapter I11]). A sequence {u,}° is called completely monotone if
(—l)""Akun >0, n,keNp,
where

AO,UM = Hn, AI!H_I,U"JL = AkﬂnJrl - /—\kﬂ-n-

Such a sequence is called totally monotone in [11].
By the principle of mathematical induction, we can prove that for n, k € Ny,

8 =3 (B Wi = 3 (B e

i=0 N i=0 N
In 1963, Lorch and Moser [6] showed that for a completely monotone sequence
{1}, we always have
(—l)kA"",un >0, nkelNy
unless
= C,
a constant for all n € N.

Hausdorff [5] in 1921 proved a fundamental result for such sequences
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Theorem J. A sequence {u,}5° is completely monotone if and only if there exists an

increasing function «(t) on [0,1] such that

o, = /01 t"da(t), n € Np. 3)
In 1931 Widder [10] gave
Definition K. A sequence {u,}5° is called minimal completely monotone if it is
completely monotone and if it will not be completely monotone when i is replaced
by a number less than py.
For such a class of sequences, Widder proved [10]
Theorem L. A sequence {u,,}5° is minimal completely monotone if and only if there
exists an increasing function «(¢) on [0,1] with

a(0) = a(0+)

such that

1
L =[ t"da(t), n e Nj.
0

Apparently not all completely monotone sequences are minimal.
Guo showed the following two results in [4] among others
Theorem M. For each completely monotone sequence {,, }&<, there exists one and
only one number ;% such that

{16 o1, pras -+ }
is minimal completely monotone.
Theorem N. Suppose that the sequence {,,}5° is completely monotonic, then for any
m € N the sequence {,}5r is minimal completely monotonic.
Absolutely monotone functions and completely monotone sequences are closely
related to completely monotone functions which are important function class in the

theory and applications of special functions.
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