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Abstract: Fuzzy mathematics, grounded in the framework of Fuzzy Logic, provides a robust methodology for modelling and
analyzing systems characterized by uncertainty, vagueness, and partial truth values, which are not adequately addressed by classical
binary logic. Its practical significance is evident across diverse real-world applications, including adaptive control in household
appliances, intelligent traffic management, advanced vehicular systems, and performance optimization in consumer electronics.
Furthermore, fuzzy-based approaches contribute to decision-support mechanisms in healthcare diagnostics, financial risk evaluation,
and meteorological analysis. These applications highlight its alignment with human reasoning processes, where gradations of truth
are more natural than crisp dichotomies.

In this context, the present study formulates pointwise definitions of fuzzy left, right, and tri-ideals in semigroups and
rigorously demonstrates their equivalence with established set-theoretic representations. The investigation is extended to
semigroups through the application of Tom Head’s metatheorem, which facilitates the systematic derivation of fuzzy counterparts of
classical algebraic results in a simplified and computation-free manner. The approach yields concise and transparent proofs, thereby
enhancing theoretical clarity. Additionally, the structural properties of fuzzy tri-ideals are examined in both simple and regular
semigroups, with particular emphasis on their closure under projection. The study establishes several key results, including the
preservation of tri-ideal structure under intersections and products involving various classes of fuzzy ideals and subsemigroups. It is
further established that all conventional ideal types, namely left ideals, right ideals, two-sided ideals, bi-ideals, interior ideals, and
quasi-ideals, inherently satisfy the defining conditions of tri-ideals in a semigroup. Finally, necessary and sufficient conditions are
derived to characterize when a fuzzy subsemigroup qualifies as a fuzzy tri-ideal, along with criteria for the regularity of semigroups
in the framework of fuzzy tri-ideal theory.
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1. Introduction

The notion of bi-ideals in semigroups and associated
ring structures was first formulated by Good and Hughes in [1]
1952, and was subsequently further developed by Lajos and
Szasz [7]. The concept of interior ideals in semigroups was
later introduced by Szasz [12]. The study of generalized
ideals within algebraic systems has emerged as an important
direction in abstract algebra, contributing significantly to a
deeper structural understanding of these systems. One-sided
ideals constitute an extension of classical ideal theory, while
quasi-ideals provide a broader formulation that incorporates
both left and right ideal characteristics. Bi-ideals represent a
further abstraction of quasi-ideals by relaxing additional
structural constraints. Expanding this hierarchy, Rao [8, 9]
introduced the notion of tri-ideals as a unifying generalization
of left, right, two sided, bi, quasi, and interior ideals in
semigroups and semirings within the classical algebraic
setting.

In 1995, Tom Head [2] proposed a metatheorem that
enables the extension of results formulated for crisp algebraic
substructures to analogous statements in the context of fuzzy
substructures. This contribution represented an important
progression in the theoretical development of fuzzy algebra,
as it established a systematic framework for transferring
classical structural properties into fuzzy settings. As a result,
conclusions concerning substructures in semigroups, rings,
semiring, and lattices can be derived concisely from the
analogous results for crisp substructures. Indeed, the study
presented in [1] establishes a clear and systematic conceptual
approach for extending results from classical crisp structures
to their fuzzy counterparts whenever such a transfer is
feasible. Subsequent works, [4,10] adopted this metatheorem
in the context of fuzzy algebra. More recently, Srivastava and
Arvind [11] employed this theorem to generalize results
concerning ideal theoretic structures in semirings, thereby
extending their applicability to the framework of fuzzy
algebras. The application of the metatheorem further yielded
alternative demonstrations for a variety of established results,
thereby reducing reliance on extensive computational
derivations.

In this paper, we begin by presenting the point-wise
definition of fuzzy (left tri-, right tri-, tri-) ideals in
semigroups. The equivalence of these definitions with the set-
theoretic definitions provided by Rao [8] is demonstrated. By
employing the metatheorem, we extend the results concerning
this notion in semigroups to the fuzzy context. Additionally,
we investigate this notion within semigroups and analyze
their properties using the metatheorem. The characterization
of regular semigroups through these concepts, utilizing the
metatheorem, is also explored.

2. Preliminaries
A semigroup is defined as an algebraic structure,
(S,*) , where is a nonempty set equipped with an
associative binary operation . Anelement @ € S is said to be
regular whenever there exists an element b € S satisfying the
relation = . A semigroup is regarded as regular if each
of its elements fulfills this condition. Furthermore, a
semigroup is described as left simple or right simple when it
admits no nontrivial left ideals or right ideals, respectively. If
contains no proper two-sided ideals, then it is characterized
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as a simple semigroup. For basic definitions and results in
semigroup we refer [8-9].

Definition 2.1. [9] A non-empty set A of a ssemigroup S is
called a left (right) tri-ideal of S if ASA4 < A (AASA < A)
and is called tri-ideal of S if it is both a left and a right tri-
ideal of S.

Zadeh [13], defined a fuzzy subset f of a non-empty
set X as a function y: X —[0, 1]. Let S be a semigroup.

Throughout the paper F(S) stands for set of all fuzzy subset of
S. Throughout this paper J will stands for [0,1). Also

Css-(Cp> G i, Gy, Cp, C) - denotes the classes of crisp
subsemigroups, left ideals, right ideals, two-sided ideals, bi-
ideals, interior ideals and quasi-ideals of a semigroup S and
Css.(C, € GGy, G Cq) denotes their respective fuzzy

classes.

Definition 2.2. [5, 6] A fuzzy set ¥ of a semigroup S is

called
(1) a  fuzzy  subsemigroup of S if

y () 2 min{y (x),y(y)} Vx,y€S.
(ii) a fuzzy left (right) ideal of S if Vx,y €S,

() =y () (y(x) 2 y(x)).

(iii) fuzzy ideal of S if Vx,yeS, y(xy)>y(y) and
y(xp) 2 7(x).

(iv) fuzzy bi-ideal of S if yeCg and Vx,y,zeS,
y (xyz) 2 min{y (x), y(2)}.

v) fuzzy interior ideal of S if yeCg  and

vx:yaze‘s’ 7(x)/z)27(y)

Definition 2.3. [10] A fuzzy set ¥ of a semigroup S is called
a fuzzy quasi-ideal of S if

min{ sup (y(x), sup 7(»)} <y(2) Vz €S.
z=Xxy zZ=Xy

Definition 2.4. A fuzzy set } of a semigroup S is called a
(1) fuzzy left tri- ideal of Sif yoSoyoy Cy.
(ii) fuzzy right tri-ideal of Sif yoyoSoy Cy.
(iii) fuzzy tri-ideal of Sif yoSoyoy cy and
yoyeSeycy.

Now we briefly study 'metatheorem' formulated by
Tom Head [3] in the year 1995. Let P(S) (C(S)) denotes the

set of all subsets and characteristic subsets of a semigroup S.
The mapping Chi : P(S) — C(S) defined by Chi(4) = y 41is
a bijection. It can be seen easily that P(S) = C(S) under the

isomorphism Chi and Chi commutes with the
intersection and product of sets in a semigroup S.

finite

Definition 2.5 [2] If y € F(S) and r e J =[0,1). Then the

function  Rep: F(S) = C(S)” is defined by
1 ify(x)>r
Re =
p(V)(r)(x) 0 ifr()<r
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Proposition 2.1 [2] (i) The function Rep is injective.

. k k
(i) Rep n L | = 'ﬂl Rep(u;) and
1= 1=

(iii) Rep( U ,ul-jz U  Rep(y;), where g € F(S)
ieM ieM
and M is an index set.

Proposition 2.2. [2] Rep is an order isomorphism of F'(S)

onto /(S), where I(S) denotes the image of the Rep
function.

Definition 2.6. Let y1, y7 € F(S).

sup [min{yj(x1), 72(x2)}]
2@ =1" o 5
T2 0 if x not expressed as x = x1*x»

Proposition 2.3. [2]
Rep(y1 *72) =Rep(y1) *Rep(r2) V 71, 72 € F(S).

Definition 2.7.[2] Consider D as a collection of fuzzy sets
within a semigroup S. We defined D as being projection
closed ifevery y € D and r € J, thenRep(y)(r) € D.

Proposition 2.4. [2] Dy, Dy (Dy,D>) be the classes of crisp
(fuzzy) subsets of a semigroup S. Then

DDy (D =Dy)= D c Dy(D=Dy) .

Metatheorem [2] Let (S,*) be a semigroup. Consider the
algebra- (F(S), inf, sup, *) . Let L(ay,ap,...,a,,) and
M(ay,ay,...,a,,) be two expressions defined over the
variables set {aj,a>,...,a,,} and operations set { inf, sup, *}
on P(S) . Let Dy, D,,..., D, are projection closed classes

of fuzzy sets of S and D1, Do,
respectively.

L(r-72-7m) REL M (71,7257 m)
holds Vy1eDy,...rvy €D < VyeDy,...vy, €Dy

..., D be their crisps classes

where REL represent one of the three symbols <, = or 2.

3. Fuzzy Tri-Ideals in Semigroups

In this section, we begin by presenting the point-wise
definitions of fuzzy left (right) tri-ideals within a semigroup
and demonstrate that these definitions are equivalent to
Definition 2.4.

Definition 3.1. A fuzzy set ¥ of a semigroup S is called a
fuzzy left tri-ideal if
y (xyzw) 2 min{y (x),7(2),y (W)} VX, p,z,weS.
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Definition 3.2. A fuzzy set ¥ of a semigroup S is called a
fuzzy right tri-ideal if
y (xyzw) 2 mindy (x),y (»), y (W)} VX, y,z,weS.

Definition 3.3. A fuzzy set ¥ of a semigroup S is called a
y (xyzw) 2 min{y (x),7 (z), ¥ (w)} and

y (xyzw) 2 min{y (x),7 (»), y (W)} VX, y,z,weS.
Now we provide the equivalence between the

Definitions 2.4 and 3.1 of fuzzy left tri-ideals in a semigroup
S.

fuzzy tri-ideal if

Theorem 3.1. Fory e F(S), y€Cyy ©yoSeoyoycy.
Proof. Let z€ S.

Then, yoSoyeycy

S (reSeyey)z)<y(z)

< sup [min{y o S(uv), yoy(x)i]< y(2)

Z=Uvxy

< sup [min(y(u), S(v), ¥(x), (Y] < ¥(2)
Z=UVXY

< sup [min(y(u), y(x), y(yD]< 7(2)

Z=uUvxy
< y(uvxy) 2 {min[y (u), y(x), y(M]} Vu,v,x,yeS.
~ Y E€ Clll

Next, equivalence between the Definitions 2.4 and
3.2 of fuzzy right tri-ideals in a semigroup S is given by:

Theorem 3.2. For y € F(S), 7y €Cy < yoyoSoycy.
Proof: Let z€ S.

Then, yoyoSoycy

S (yoyeSey)z)<y(2)

< sup [min{y o y(uv), Seoy(x)i]<y(z)

Z=Uvxy

< sup [min(y(u), y(v), S(x), y(¥)] < 7(2)
Z=UVXy

< sup [min(y(u), y(v), y(¥D]< 7(2)
Z=UVXY

< y(uvxy) 2 {minfy(u), y(v), YW} Vu,v,x,y €S
< yeCyy.

Finally equivalence between the Definitions 2.4 and 3.3 of
fuzzy tri-ideals in a semigroup is provided and can be
demonstrated in similar manner.

3.3. For
yeF(S),reCy <yoSoyoycyand yoyoSoycy.

Theorem 3.4. The classes Cg,,C;,C,. C;, Cin.Cp and Cq

Theorem

are projection closed.

Theorem 3.5. C;;; , the class of all fuzzy left tri-ideals of a
semigroup S is projection closed.
Proof.

y(xyzw) 2 min{y(x), y(2),

establish C;; is projection closed, it is sufficient to prove

Then,
uw)y Vx,y,z,weS . To

Consider y€Cyy
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Rep(y)(r)e Gy Vreld. ie.
Rep (y)(r)(xyzw) 2 min {Rep(7)(r)(x), Rep(y)(r)(2),
Rep(y)(r)(w)} VreJ and VXx,y,z,weld. Let
Vreld, X, V,z,we S
min{Rep (y)(r)(x), Rep(y)(r)(z), Rep(y)(r)(w)}=1 . Then,
Rep(7)(r)(x) =Rep(y)(r)(z) =1and Rep(y)(r)(w) = 1. This
Thus

and

implies that y(x)>r, y(z)>r and y(w)>r.
y(xyzw) = min{y (x), y(2), y(w)} > r

and Rep(y)(r)(xyzw) =1. The inequality holds trivially if
min{Rep (x)(r)(x),Rep(y)(r)(2), Rep(y)(r)(w)} = 0. then.

Theorem 3.6. Cy;,., the class of all fuzzy right tri-ideals of a
semigroup S is projection closed.
Proof. Consider Then,

reCyy ¥ (xyzw) =

min{y(x), y(»), u(w)} Vx,y,z,weS. To establish Cy;;. is
projection closed, we establish Rep(y)(r) € Cyj VreJ. ie.

For Vreld and
vx,y,z,we S, Rep (¥)(7)(xyzw) = min{Rep (y)(7)(x),
Rep(7)(r)(¥),Rep(y)(r)(w)}. Vreld, Vx,y,zwes, let
min{Rep (7)(r)(x),Rep(7)(r)(»), Rep(7)(r)(w)}=1.  Then
Rep (7)(r)(x) = Rep(7)(r)(y) = Rep(y)(r)(w) = 1.

Therefore  y(x)>r <y(y) and  y(w)>r Thus
y(xyzw) 2 min{y(x), y(y), y(w)} >r and  hence

Rep (7)(r)(xyzw) = 1. If
min {Rep (x)(r)(x),Rep(7)(r)(»), Rep(y)(r)(w)} =0,  the
inequality holds trivially.

Theorem 3.7. C;; , the class of all fuzzy tri-ideals of a

semigroup S is projection closed.

4. Fuzzy Tri-ideals and

Metatheorem

in Semirgroups

Theorem 4.1. In a semigroup S,

(1) Every fuzzy left ideal (right ideal, two sided ideal, bi-
ideal, interior ideal, quasi- ideal) of S is a fuzzy tri-ideal of S.

(2) Every fuzzy left(right) tri-ideal of a left (right) simple
semigroup S is a fuzzy right (left) ideal of S.

(3) Every fuzzy tri-ideal of left and right simple semigroup S
is a fuzzy ideal of S.

Proof. (3). Since both C; and C; are closed under

Ci G = G <G by

Proposition 2.4. By Corollary 3.9 of [9], every tri-ideal of a
left and right simple semigroup S is also an ideal of S and

P(S) = C(S) under the isomorphism Chi, we get, C;; < C;.

projection, therefore,

Hence Cti c Ci'
Since Cl (C,,,Ci, Cb,C

in° ir>

Cy-Clip-Crir-C) - are
closed under projection by Theorem 3.4, 3.5 3.6 and 3.7. The
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remaining results follows in view Theorem 3.1, 4.2 and
Corollary 3.8, 3.10, 4.1, 4.2 of [9], P(S) = C(S) under the

isomorphism Chi and Proposition 2.12.

Similarly, we can prove:
Theorem 4.2. Let S be a semigroup. Then,

(1) Let S be a regular semigroup. Then f'is a fuzzy left (right)
tri-ideal of S if and only if f'is a fuzzy right (left) ideal of S.

(2) Let S be a regular semigroup. Then f'is a fuzzy tri-ideal of
S if and only if fis a fuzzy two sided ideal of S.

Theorem 4.3 Let S be a semigroup and /€ Cgg such that

Then hoh=h Then, heC, (Cy,., Cp;) if and only if

there exists yeC i and «aeC, such that
acychc any.

Proof. Define D = {y,, € C(S) where H is a subsemigroup
of S: 4B cH c4nB for some right ideal A; and left
ideal Bi of S} and D = {heCy:aoychcany for
some y e Cl and a € C,., where C,. (&) is crisps classes of
right (left) ideals of S. To prove D is projection closed, let

heED. Then, & e C,g suchthat @oy < hc any for some
Rep(aey)(r) < Rep(h)(r) <
Rep(any)(r) VrelJ, by Proposition 2.2. Now for
Vred,  Rep(a)(r)o Rep(7)(r) <
Rep(h)(r) £ Rep(a)(r)m Rep(y)(r) by Proposition 2.1

and 2.3. Since Cgy,C;,C, are projection closed, we have,

aeC and yeC

Rep(a)(r) € G, , Rep(y)(r) e C; and Rep(h)(r)e Cy -
Therefore, Rep(h)(r)e D VreJ. Hence D is Projection
closed. Also Cti is projection closed by Theorem 3.11.
Therefore, D Cti < Dc Cti follows by Proposition 2.4.

The later proposition follows as a subsemigroup K of S with

K{ =K isaleft tri-ideal of S if 4B, < K < 4, ~ B for

some right ideal 4, and left ideal B| of S by Theorem 3.8 of
[9] and P(S) = C(S) under the isomorphism Chi.

The following theorem extends Theorem 3.1 and 3.4
of [9] to the fuzzy context and can be proved in a similar
manner.

Theorem 4.4. Let S be a semigroup and y € C . Then
(1) yeCyy ifSoSeyc y..
(2Q) yeCy if yoSoSc 7.
(3) y€Cyy if SoSoSc y.
4) yeC if SoSoSoyc yandyoSoSoSc .
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Proof. (1). and

of

Defined C, ={SoSoycy VyeCgy}
Cy=1xy €C(S), where A is a subsemigroup

S : 854 c A} as fuzzy and crisp classes in S. Claim C y is

projection closed. Let reCy Therefore,
SoSoyc y VyeCg. By  Proposition 2.2,
Vred Rep(y)(r) 2 Rep(SeoSoy)(r) Also,

Rep(7)(r) 2 Rep(S)(r) o Rep(S)(r) o Rep(y)(r) =
SoSoRep(y)r)VreJ by Proposition 2.3. Since Cg is

Rep(y)(r) € Cs
Rep(y)(r)eC, VreJ and hence C, is closed under

projection closed, therefore Thus

projection.  Therefore by

Proposition 2.4. As a subsemigroup A of a semigroup S is a
left tri-ideal if SSAc A4 by Theorem 3.1 of [9]

and P(S)=C(S) under the isomorphism Chi, we get,

CpcCip=CrcsCy

Cyc Cn.l.Hence CA gCtil‘

Theorem 4.5. A semigroup that is commutative idempotent is

regular if and only if yoSoyoy =y Vy e (.

Proof. Let (S,0) be a semigroup. Consider the algebra-

(F(S),inf,sup,o) . let L(a)=aSaa and M(a)=a be

expression over the variable set {a} and operations set

{inf, sup, o} . Since the class C,; of fuzzy tri-ideals is

therefore,
by the

projection closed,
Liy)=M()VyeCy < Ly)=M(y)Vyely
metatheorem.

Since a semigroup S that is commutative idempotent is

regular
< ASAA = A for any tri-ideal 4 of S.

& X 4544 = X 4 for any tri-ideal 4 of S since P(S) =C(S)
under the isomorphism Chi < y 4xsx4X4 = X4 for any

tri-ideal 4 of S since Chi commutes with the finite

intersection and product of sets in a semigroup S.

S ¥ ASxY 4x 4 = X 4 for any tri-ideal 4 of §
< L(y)=M(y)Vy e Cy

o L(y)=M(y) Yy eCy.
SyoSeyoy=yVyelCy.

The subsequent theorem can be derived in a similar manner.
Theorem 4.6. A commutative idempotent semigroup is

regular ifand only if yoSoyoy =y Vye Gy,

Theorem 4.7. In a semigroup S,
()If peCpand y €, then foyeCy.

Q) If peC,.and y €C;, then By eCy.
Proof. (1). Define Crp=t{ajeap:a;eCpay eCp} and
C,j={Bey:aeC,,ye(y} ascrisp and fuzzy classes in

S, where C,.(C}) is crisp classes of right (left) ideals of S.

Claim: C,,’l is projection closed, let Sy e C,,J . For
peC,, Rep(B o y)(r) =Rep(B)(r) o Rep(y)(r)
Vreld Rep(B)(r) € C,
Rep(y)(r) € C; since both C,. and Cj are projection closed,

re(,
by Proposition 2.3. and
Rep(feoy)r)eC,; VreJ. Hence, the classes C, ; is
projection closed. Also, Cj; is also projection closed by
by

Proposition 2.4. Since the product of a right ideal and a left
ideal of a semigroup is a tri-ideal by Theorem 3.1 of [9] and
P(S)=C(S) under the isomorphism Chi, we get,

Cyj < Cpy. Hence, C,j c Cy.

Theorem 3.7, therefore, C,;c C;; & C,.; < Cy;

The remaining results extends Theorem 3.1 of [9] to fuzzy
setting and can be proved in a similar manner.

Theorem 4.8. In a semigroup S,

(1) if peC;; andy € G, (G;), then By e Gy
(2) if peCyy andy € Gy, then fny e Gy

3) if peC; andy eCy, (C;, Cp), fyeCy.
4) if peCp andy €Cyy,, then SNy € Cy;.

Proof. (3). Define the
Cii,in =ty nag iag € Gy, ap € Cy

classes in S as
and

Cti, in={Bnyr:aecCy,ycCy}, where Cpy and Cj;, are
crisp classes of tri-ideals and interior ideals of S. To show that
Cti, in 1is projection closed, let Sy e Cti, in- Now, for

BeC. 7eCiy, Rep(By)(r) =Rep(B)(r) N Rep(y)(r)
VreJ by Proposition 2.1. Since both C;; and Cj;, are
projection closed, Rep(8)(r) € C; and Rep(y)(r) € Cj,.

Thus Cﬁ’ in V7 eJ. Hence, the C is projection closed.

ti, in
Also, C;; is also projection closed, therefore, by Proposition
24, G in < G © Cyi_in < Gy - Since the intersection of

a tri-ideal and an interior ideal of a semigroup S is also a tri-
ideal by Corollary 3.10 of [9] and P(S)=C(S) under the

isomorphism  Chi, we Hence

get,  Cyiin € Gy

Cti, in € G

The remaining results extends Theorem 3.13, 3.14, 3.15,
Corollary 3.5, 3.13 of [9] to fuzzy setting and can be proved
in a similar manner.
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