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1. INTRODUCTION

In[6], the authors introduced the notion of S— valued graphs, where S is a
semiring. In graph theory, domination of graphs is the most powerful area of research
for, it has several applications in other areas of sciences. It was initicted by Berge
[1]. In [7], the authors have studied the edge domination on S— valued graphs.
In this paper we discuss the notion of restrained edge domination on S— valued

graphs.
2. PRELIMINARIES

In this section we recall some basic definitions that are needed for our work.

Definition 2.1. [4] A semiring (S,+,-) is an algebraic system with a non-empty
set S together with two binary operations + and - such that

(1) (S,+,0) is a monoid.

(2) (S,-) is a semigroup.

(3) Forall a,b,ce S, a-(b+c)=a-b+a-c and (a+b)-c=a-c+b-c.
4) 0-z=2-0=0VzeSs.

Definition 2.2. [4] Let (S,+,-) be a semiring. =< is said to be a Canonical Pre-
order if for a,b € S, a = b if and only if there exists an element ¢ € S such that
a+c=b.

1
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Definition 2.3. [6] Let G = (V,E C V x V) be a given graph with V. E # ¢.
For any semiring (S,+,-), a semiring-valued graph (or a S— valued graph), G°,
is defined to be the graph G° = (V,E,0.) where 0 :V — S and ¥ : E — S are
defined to be

olag) ={ UL i ole) 2 ol r o) S0t

for every unordered pair (xz,y) of ECV x V. We call o, a S— vertex set and 1,
a S— edge set of S-valued graph G°.

Definition 2.4. [7]|An edge e in G° is said to be a weight dominating edge if
Y(e;) = ¥(e) Ve; € Nsle].

Definition 2.5. [7]|A subset D C E is said to be a weight dominating edge set if
for each e € D ,(e;) = ¥(e), Ve; € Ngle] .

Definition 2.6. [3]A set S C E is a restrained dominating set if every edge E— S
is incident to an edge in S and another edge in E — S.

Definition 2.7. [7]A set M C E is an independent edge set of G° if f,g € E
such that Ng(f) N (g,v%(g)) =¢.

Definition 2.8. [7|A subset M C E is said to be a mazimal independent edge set
if
(1) M is an independent edge set.

(2) If there is no subset M' of E such that M C M' C E and M’ is an
independent edge set.

3. RESTRAINED EDGS DOMINATION ON S— VALUED GRAPHS

In this section, we introduce the notion of restrained edge domination on
S—valued graph, analogous to the notion in crisp graph theory, and prove some
simple results.

Definition 3.1. Consider the S— walued graph G° = (V, E,0,). A subset D C E
is said to be a restrained weight dominating edge set if

(1) D is a weight dominating edge set.
(2) For each e € E — D is dominated by an edge in D and also by an edge in
E —D.

Example 3.2. Let (S =1{0,a,b,¢},+,-) be a semiring with the following Cayley
Tables:

+10]lalble -10lalb|e
0[{0]alb|c 0(0(0]0]|0
alalalala a|llO|lalala
blbla|b|b blO|b|b|b
cleclalbl|c c|lO|b|b|bd
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Let < be a canonical pre-order in S, given by
D=0, 0o, =8 026540 =S b= 636 o=5u exb
Consider the S— graph G° :

’1,6({.1)

v1(a) e1(b) vz (b) ea(b) v3(a)
Define ¢: V — S by

a(v) =0o(vs) = o(vy) = a(ve) = o(v7) = a,0(vz) = o(vs) =a(vg) =b
and ¥ : E — S by
Pler) = Y(e2) = Y(es) = Y(es) = Y(eg) = Y(es) = P(e12) = Y(e1s) = b;
YP(es) = Y(eir) = b;
U(eq) = Y(er) = Y(eg) = Y(ern) = Ylen) = V(e1s) = Y(ew) =a
Clearly D = {ey4, €7, €9, €19, €11, €13, €16} 1S a restrained weight dominating edge set.
Further D; = {e4, e7, €9, €13, €16}, D2 = {ez, €9, €10, €11, €13, €16}
D3 = {ey, er€10,€11,€16} , Dy = {eq, e10,€16}, Ds = {€4,€9,€19} are all restrained
weight dominating edge sets.

Definition 3.3. A subset D C FE is said to be a minimal restrained weight
dominating edge set if

(1) D 1is a restrained weight dominating edge set.
(2) No proper subset of D is a restrained weight dominating edge set.

In example 3.2, Dy = {e4,e10,€16} and D5 = {ey, €9, €19} are minimal restrained
weight dominating edge set.

Definition 3.4. The restrained edge domination number of G denoted by ~5,(G”)
is defined by vup(G°) = (|D|s,|D|), where D is the minimal restrained weight
dominating edge set.

In example 3.2, Dy = {e4, €10, €16} is a minimal restrained weight dominating edge
sef.

Y(G®) = (|Dals, |Dal) = (|Dsls, |Ds|) = (a,3)
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Definition 3.5. A subset D C E is said to be a maximal restrained weight
dominating edge set if

(1) D is a restrained weight dominating edge set.
(2) If there is no subset D' of E suchthat D C D' C E and D' is a restrained
weight dominating edge set.

In example 3.2, D = {8.1,87:69:61(},611,613,616} is a maximal restrained weight
dominating edge set.

Definition 3.6. A subset M C E 1is said to be an independent restrained weight
dominating edge set if M is both independent edge set and a restrained weight
dominating edge set.

In example 3.2, D5 = {e4, €9, €19} is an independent restrained weight dominating
edge set.

Theorem 3.7. A restrained weight dominating edge set D of a graph G° is a
minimal restrained weight dominating edge set of G iff every edge e € D satisfies
atleast one of the following properties:

(1) there ezist an edge f € E — D, such that Ns(f)N (D x S) = {(e,v(e))}
(2) e is adjacent to no edge of D.

Proof : Let e € D. Assume that e is adjacent to no edge of D, then D — {e}
cannot be a restrained weight dominating edge set. = D is a minimal restrained
weight dominating edge set.

On the other hand, if for any e € D there exist a , f € E — D such that
Ns(f) N (D x 8) = {(e,(€))}

Then f is incident to e € D and no other edge of D.

In this case also, D —{e} cannot be a restrained weight dominating edge set of G°.
Hence D is a minimal restrained weight dominating edge set.

Conversely, assume that D is a minimal restrained weight dominating edge set of
GS.

Then for each e € D, D — {e} is not a restrained weight dominating edge set of
G?.

.". there exist an edge, f € E— (D —{e}) that is incident to no edge of (D — {e}).
If f=e, then e is incident to no edge of D .

If f # e then D is a restrained weight dominating edge set and f ¢ D = f
is incident to atleast one edge of D. However f is not incident to any edge of
D — {e}.

= Ns(f)ND x5 ={(e¥(e))}-

Theorem 3.8. A set D C E of G° is an independent restrained weight dominating
edge set iff D is a mazimal independent edge set in G° .

Proof: Clearly every mazimal independent edge set D in G° is an independent
restrained weight dominating edge set.

Conversely, assume that D is an independent restrained weight dominating edge
set.
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Then D is independent and every edge not in D is incident to an edge of D and
therefore D is a mazimal independent edge set in G5,

Theorem 3.9. Every mazimal independent edge set of edges D in G° is a minimal
restrained weight dominating edge set.

Proof : Let D be a mazimal independent edge set of edges D in G°. Then by
theorem 3.8 , D 1is a restrained weight dominating edge set.

Since D is independent, every edge of D is incident to no edge of D .

Thus, every edge of D satisfies the second condition of theorem 3.7. Hence D 1is a
minimal restrained weight dominating edge set in G5.

Theorem 3.10. If D C E is a minimal restrained weight dominating edge set of
GS without S— isolated edges then E — D is also a restrained weight dominating
edge set of G°.

Proof: Let e € D. Then by theorem 3.7,

(1) there exist an edge w € E — D such that Ng(u) N D = {e}
(2) e is incident to no edge of D.

In the first case, e is incident to some edge in E — D.

In the second case, e is an S— isolated edge of the subgraph spanned by (D).
But e is not S— isolated in G°.

Hence e is incident to some edge of E — D.

Thus E — D is a restrained weight dominating edge set of G*°.
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